A new method is proposed for calculating the potential distribution Φ(z) in a one-dimensional quasi-neutral bounded plasma; Φ(z) is assumed to satisfy a quasi-neutrality condition (plasma equation) of the form n i {Φ(z)} = n e (Φ), where the electron density n e is a given function of Φ and the ion density n i is expressed in terms of trajectory integrals of the ion kinetic equation. While previous methods relied on formally solving a global integral equation (Riemann, Phys. Plasmas, vol. 13, 2006, paper no. 013503; Kos et al., Phys. Plasmas, vol.16, 2009, paper no. 093503), the present method is characterized by piecewise analytic solution of the plasma equation in reasonably small intervals of z. As a first concrete application, Φ(z) is found analytically through order z 4 near the center of a collisionless TonksLangmuir discharge with a cold-ion source.
Introduction
The plasma-wall transition is one of the oldest and most studied problems in plasma physics. It is encountered in all bounded plasmas and plays an important role in various fields of plasma physics, some examples being plasma processing [1] , plasma diagnostics [2] , and fusion devices [3] . One of the most basic boundedplasma models, a quasi-neutral collisionless symmetric discharge with a cold-ion source, was given by Tonks and Langmuir [4] . Harrison and Thompson [5] found the kinetic solution of this Tonks-Langmuir (TL) model [4] in analytic form. Riemann and colleagues [6] gave an approximate (cold-ion) fluid treatment of this model, including the matching of the quasi-neutral plasma solution with the nonneutral sheath solution. In [7] this matching was performed using a correct kinetic description. Kos and colleagues [8] gave extensive kinetic solutions for TL-type models with warm-ion sources.
Here we propose a new method for calculating the potential distribution Φ(z) in one-dimensional quasi-neutral bounded plasmas. The potential is assumed to satisfy a plasma equation of the form n i {Φ(z)} = n e (Φ), where the electron density n e is a given function of Φ and the ion density n i is expressed in terms of trajectory integrals of the ion kinetic equation. While previous treatments relied on formally solving the problem in terms of a global integral equation [5, 7, 8] , the present method is characterized by piecewise analytic solution of the plasma equation in reasonably small intervals of z. As a first concrete application and demonstration, Φ(z) is found analytically through order z 4 near the center of the quasi-neutral TL discharge with a cold-ion source [4] .
The current paper is organized as follows: In Sec. 2 we describe the cold-ion-source TL model considered [4] and compile the dimensional basic equations governing it, the normalized form of which is introduced in Sec. 3. Section 4 gives a concise outline of our piecewise analytical approach, which in Sec. 5 is applied to analytically solving the plasma equation in the vicinity of the center with the small-x expansion of the potential through order 4. A discussion of the results and perspectives in Sec. 6 concludes the paper.
Model and basic equations
We consider a time-independent, one-dimensional collisionless TL model with the walls at z = ±L ( Fig. 1(a) ). The walls are assumed to be non-emissive and perfectly absorbing. There is only one species of ions, which are generated by electron impact ionization of cold neutrals. The electron density n e is assumed to be a given function of the electrostatic potential Φ.
The ion kinetic equation reads
where f i (z, v) is the ion velocity distribution function (VDF) and C i (z, v) is, in the general case, the source/sink term for ion generation and annihilation, and
is the ion Lagrangian derivative with a i = −Z i e/m i dΦ/dz the acceleration of an ion. Integrating (2.1) along the collisionless ion trajectory passing through the point (z, v) we obtain
3) wheref i in is the ion VDF at the trajectory's point of entrance and (ẑ,v) is any generic point along the trajectory.
For the specific TL model under consideration, we havef i in = 0 (meaning that no particles enter at the boundaries) and the 'cold-ion' source term
where Σ 0 is the ionization frequency at the center (z = 0, Φ = 0) and δ is the Dirac delta function. Equation (2.3) then simplifies to
whereẑ t is the turning point of the trajectory (cf. Fig. 1(b) ). Conservation of energy implies
where the first equality holds for any point along the trajectory and the second equality defines Φ (ẑ t ), the potential at the turning point. The trajectory with the turning pointẑ t = 0 is called the seperatix, so that the seperatix velocity is given by
The plasma equation (quasi-neutrality condition) is given as 8) where the underline denotes functions of √ Φ, and we have anticipated the fact that as will be shown in Sec. 5.2, functions of Φ must be Taylor expanded in terms of √ Φ, rather than Φ itself.
Normalized quantities and equations
Following [7] we use the normalized quantities
where k B is Boltzmann's constant; T e is the electron temperature; n e 0 is the electron density at the center; c = (k B T e /m i ) 1/2 is the cold-ion sound velocity; and l = n e 0 c/Σ 0 is the 'ionization length'. With (3.1) the normalized counterparts of (2.5) and (2.8) become
and
respectively.
Outline of the piecewise analytic method of solution
To solve (3.3) for ϕ (x) we choose an appropriate set of discrete x values, x 1 = 0, x 2 , x 3 , . . ., x j , . . ., x J with 0 < x 2 < x 3 and x J corresponding to the sheath edge [10] .
For j = 1 we clearly have n i (x 1 ) = 1. For j ≥ 2 we write the integral representing n i (x j ) as a sum of j − 1 discrete integrals,
where
is the contribution of the kth interval to n i (x j ). We now approximate the potential ϕ (x) inside the interval k (extending from x k to x k +1 ) in a polynomial of, say, fourth order
find the equations for the expansion coefficients α
by appropriately expanding both sides of (3.3), and solve these for the values of the expansion coefficients themselves.
For demonstration of this procedure, the contribution
will be calculated in what follows (with x 2 renamed into x), while the full formalism will be given elsewhere [9] .
Analytic solution of the plasma equation for small x; ϕ up to order
x 4 ; √ ϕ 4
The potential profile ϕ (x)
Let us assume that the potential profile ϕ (x) is given by
where O x k denotes terms with leading order x k but unspecified otherwise, 
In what follows the coefficients α 2 , α 3 , and α 4 will be calculated by solving (4.1) to the appropriate order.
The inverse profile x √ ϕ
To find the inverse profile we rewrite (5.1) as
and find, after some tedious but straightforward calculations,
where we have introduced the definition
and have repeatedly used the relation
Note that because of (5.6) functions of ϕ must actually be expanded in Taylor series of √ ϕ rather than ϕ itself. 
The electron density
:= d (m ) n e d √ ϕ
The ion density
According to (3.3) and (5.6) the ion number density is given by the trajectory integral Using (5.13) and (5.14) in the integral of the right-hand side of (5.12) we obtain 
which yields in the lowest order (x 0 ) 19) in the next higher order (x 1 ) 20) and in the next higher order (x 2 ) Since the next higher order (x 3 ) is unspecified in (5.18), no more coefficients can be determined. Inserting the coefficients α 2 -α 4 from (5.19)-(5.21) into the expressions for β 1 -β 3 (5.11) we find
whereas higher values of β remain unspecified.
Summarizing the solution
In summary, the solution ϕ (x) of the plasma equation is given, through order x 4 , by (5.1) with coefficients (5.19)-(5.21), and the related ion and electron densities are given by
with coefficients (5.22) and (5.23).
Conclusion and perspectives
We have devised a new, piecewise analytic method for solving the plasma equation and have shown in a natural and simple way that near the center of the basic TL model [4] considered the fluid quantities should be Taylor expanded in √ ϕ rather than in ϕ. An analogous result was found by Riemann [10] for the plasmasheath transition, however using a much more complicated Laplace transformation method. Moreover, our analysis is more general than previous ones in that it allows for (i) spatially asymmetric potentials and (ii) non-Boltzmann-distributed electrons. We see from Fig. 2 that our curve for the potential profile agrees well with the exact one of [7] for x ≤ 0.25, while the curve for number density n i (Fig. 3 ) agrees with the exact one for x ≤ 0.05. This is due to the fact that although we expand the potential ϕ up to order x 4 the density can be calculated only up to x 2 . These results can be further improved by going to higher orders in x.
In future, our model will be extended to non-quasi-neutral and magnetized bounded plasmas.
